
Banachova věta a fraktály
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Pevný bod zobrazeńı.
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Pevný bod zobrazeńı.

Definice.

Pevným bodem zobrazeńı
f : X → X

rozuḿıme x ∈ X takové, že
f (x) = x .

Spousty úloh (rovnic) lze p̌revést na úkol naj́ıt pevný bod zobrazeńı.
Nap̌ŕıklad takto:

A(x) = b

⇕
A(x)− b = 0

⇕
f(x) := x + A(x)− b = x.

Problémy:

Existuje pevný bod f ? Pokud ano, je jediný? A jak ho (aspoň p̌ribližně) naj́ıt?
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Nap̌ŕıklad takto:
A(x) = b

⇕
A(x)− b = 0

⇕
f(x) := x + A(x)− b = x.

Problémy:
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Definice.

Pevným bodem zobrazeńı
f : X → X
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Spousty úloh (rovnic) lze p̌revést na úkol naj́ıt pevný bod zobrazeńı.
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Existuje pevný bod f ? Pokud ano, je jediný? A jak ho (aspoň p̌ribližně) naj́ıt?
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Nap̌ŕıklad takto:

A(x) = b

⇕
A(x)− b = 0

⇕
f(x) := x + A(x)− b = x.

Problémy:
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Definice.

Pevným bodem zobrazeńı
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Brouwerova věta o pevném bodu.

Necht’ funkce f : R→ R je na R spojitá a omezená.

Potom
∃ x ∈ R : f (x) = x .

Obecněji:

Necht’

K ⊂ Rn je neprázdná, konvexńı a kompaktńı
(tj. uzav̌rená a omezená) podmnožina Rn,

f : K → K je na K spojitá.

Potom
∃ x ∈ K : f (x) = x .
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Potom
∃ x ∈ K : f (x) = x .



Banachova věta a fraktály
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Necht’ funkce f : R→ R je na R kontraktivńı, tzn.

(∃q < 1) (∀x , y ∈ R) : |f (x)− f (y)| ≤ q |x − y |.

Potom
∃! x ∈ R : f (x) = x .

I toto tvrzeńı lze zobecnit.
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Necht’

(X , ϱ) je úplný metrický prostor,

f : X → X ,

(∃q < 1) (∀x , y ∈ X ) : ϱ(f (x), f (y)) ≤ q ϱ(x , y)

(f ... tzv. kontraktivńı zobrazeńı).

Potom
∃! x ∈ X : f (x) = x .

Aplikace:

Picardova – Lindelöfova věta,

řešitelnost okrajových úloh,

Laxovo – Milgramovo lemma,

řešitelnost variačńıch nerovnic,

věta o implicitńı funkci,

Newtonova metoda, ... .
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Newtonova metoda, ... .



Banachova věta a fraktály
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Laxovo – Milgramovo lemma,
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Banachova věta o pevném bodu.

Necht’
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věta o implicitńı funkci,
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Banachova věta o pevném bodu.

Necht’
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věta o implicitńı funkci,
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Banachova věta o pevném bodu.

Ukažme si, jaká je struktura d̊ukazu.

Zvolme si libovolně x0 ∈ X
a definujme rekurentně posloupnost
(xn):

x1 = f (x0)

x2 = f (x1)

x3 = f (x2)

...

xn = f (xn−1)
...

Dokažme, že posloupnost (xn) je
cauchyovská, a proto existuje
(X je úplný) x ∈ X takové, že

xn → x .

Pak
x ← xn = f (xn−1)

a současně (f je žrejmě spojitá)

f (xn−1)→ f (x).

Odtud plyne

x = f (x).

A konečně

x = f (x)

y = f (y)
⇒ ϱ(x , y) ≤ q ϱ(x , y),

a proto
x = y .
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f (xn−1)→ f (x).

Odtud plyne

x = f (x).

A konečně
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(xn):

x1 = f (x0)

x2 = f (x1)

x3 = f (x2)

...

xn = f (xn−1)
...
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cauchyovská, a proto existuje
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f (xn−1)→ f (x).

Odtud plyne

x = f (x).

A konečně
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x = f (x)

y = f (y)

⇒ ϱ(x , y) ≤ q ϱ(x , y),

a proto
x = y .



Banachova věta a fraktály
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Banachova věta a fraktály

Hyperprostor. Hausdorffova metrika.

Bud’ (X , ϱ) metrický prostor a značme pro každé ∅ ≠ M ⊂ X a δ > 0

U(M, δ) =
⋃
x∈M

U(x , δ)

= {y ∈ X : existuje x ∈ M takové, že ϱ(y , x) < δ}.

Nyńı definujme metrický prostor

(H(X ), d),

kde

H(X ) = {K ⊂ X : K je neprázdná a kompaktńı}... tzv. hyperprostor,

d(A,B) := inf{δ > 0 : A ⊂ U(B, δ) ∧ B ⊂ U(A, δ)}... tzv. Hausdorffova metrika.
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Hyperprostor. Hausdorffova metrika.

Věta.

Metrický prostor (X , ϱ) je úplný právě tehdy, je-li úplný prostor (H(X ), d).

Věta (Hutchinson, 1981).

Necht’ zobrazeńı
f1, f2, ... , fk : X → X

jsou na metrickém prostoru (X , ϱ) kontraktivńı.

Pak je zobrazeńı
F : H(X )→ H(X )

definované p̌redpisem

F (M) :=
k⋃

m=1

fm(M) =
k⋃

m=1

{fm(x) : x ∈ M}

kontraktivńı na prostoru (H(X ), d).
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definované p̌redpisem

F (M) :=
k⋃

m=1

fm(M) =
k⋃

m=1

{fm(x) : x ∈ M}

kontraktivńı na prostoru (H(X ), d).



Banachova věta a fraktály
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Důsledek.

Necht’ zobrazeńı
f1, f2, ... , fk : X → X

jsou kontraktivńı na úplném metrickém prostoru (X , ϱ).

Pak existuje právě jedna množina B ∈ H(X ) taková, že

B = F (B) :=
k⋃

m=1

fm(B).

Nav́ıc. Definujeme-li pro libovolné B0 ∈ H(X ) posloupnost (Bn) v H(X ) rekurźı

Bn = F (Bn−1),

plat́ı
Bn → B v (H(X ), d).
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f1, f2, ... , fk : X → X
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Nav́ıc. Definujeme-li pro libovolné B0 ∈ H(X ) posloupnost (Bn) v H(X ) rekurźı
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Fraktály.

Př́ıklad 1 (Cantorovo diskontinuum).

Bud’ zobrazeńı F : H(R)→ H(R) definováno p̌redpisem

F (M) :=
⋃
x∈M

{
1
3x︸︷︷︸

=:f1(x)

, 1
3x + 2

3︸ ︷︷ ︸
=:f2(x)

}

a zvolme B0 ∈ H(R).

Pak

F (B0),F (F (B0)︸ ︷︷ ︸
=B1

),F (F (F (B0))︸ ︷︷ ︸
=B2

), · · · → B = F (B) ... Cantorovo diskontinuum.
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Hyperprostor. Hausdorffova metrika.

Fraktály.
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F (M) :=
⋃
x∈M

{
1
3x︸︷︷︸

=:f1(x)

, 1
3x + 2

3︸ ︷︷ ︸
=:f2(x)

}
a zvolme B0 ∈ H(R).

Pak

F (B0),F (F (B0)︸ ︷︷ ︸
=B1

),F (F (F (B0))︸ ︷︷ ︸
=B2

), · · · → B = F (B) ... Cantorovo diskontinuum.



Banachova věta a fraktály
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Hyperprostor. Hausdorffova metrika.

Fraktály.

Př́ıklad 1 (Cantorovo diskontinuum).

F (M) :=
⋃
x∈M

{
1
3x︸︷︷︸

=:f1(x)

, 1
3x + 2

3︸ ︷︷ ︸
=:f2(x)

}
, B0 = {1}.



Banachova věta a fraktály
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a zvolme
B0 ∈ H(R2).

Pak
Bn = F (Bn−1)→ B = F (B) ... Cantor̊uv prach.
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Bud’ zobrazeńı F : H(R2)→ H(R2) definováno p̌redpisem
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Př́ıklad 3 (Sierpińského trojúhelńık).
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F (M) :=
⋃

(x ,y)∈M

{(
1
2x ,

1
2y

)︸ ︷︷ ︸
=:f1(x ,y)

,
(
1
2x + 1

2 ,
1
2y

)︸ ︷︷ ︸
=:f2(x ,y)

,
(
1
2x + 1

4 ,
1
2y +

√
3
4

)︸ ︷︷ ︸
=:f3(x ,y)

}
, B0 = {(0, 0)}.



Banachova věta a fraktály
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Bonus pro ty, co to až do ted’ vydrželi.
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Bonus pro ty, co to až do ted’ vydrželi.
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Bonus pro ty, co to až do ted’ vydrželi.
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Onďrej Bouchala
F r a k t á l y
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Banachova věta a fraktály

Literatura

Literatura

John Hutchinson
Fractals and Self Similarity
Indiana Univ. Math. J., 1981

Gerald Edgar
Measure, Topology, and Fractal Geometry
Springer, 2008
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