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Laplaceova bota

Rovnice vedeńı tepla v 1D


u′′(x) = 0 v (a, b),

u(a) = A,

u(b) = B.
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Rovnice vedeńı tepla v 1D

řešeńı okrajové úlohy v 1D 
u′′(x) = 0 v (a, b),

u(a) = A,

u(b) = B.

Řešeńı:

u′′(x) = (u′)′(x) = 0

⇓
u′(x) = p ( pro nějaké p ∈ R)

⇓
u(x) = px + q ( pro nějaká p, q ∈ R).

Okrajové podḿınky:

u(a) = A

u(b) = B
⇒

u(a) = pa + q = A

u(b) = pb + q = B
⇒ p =

B − A

b − a
, q = A− B − A

b − a
a.

Odtud
u(x) = A +

B − A

b − a
(x − a).

2
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řešeńı okrajové úlohy v 1D 
u′′(x) = 0 v (a, b),

u(a) = A,

u(b) = B.

Řešeńı:
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⇓
u(x) = px + q ( pro nějaká p, q ∈ R).
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Rovnice vedeńı tepla v 1D
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Rovnice vedeńı tepla v 1D
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řešeńı okrajové úlohy v 1D 
u′′(x) = 0 v (a, b),

u(a) = A,

u(b) = B.
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Laplaceova bota

Rovnice vedeńı tepla v 1D

diskretizace a numerické řešeńı 
u′′(x) = 0 v (a, b),

u(a) = A,

u(b) = B.

Numerické (p̌ribližné) řešeńı:

u(x)
.

=



A, x ∈ (a, t1),

X1, x ∈ (t1, t2),

X2, x ∈ (t2, t)),

X3, x ∈ (t3, t4),

...

Xn, x ∈ (tn, tn+1),

B, x ∈ (tn+1, b).

u′′(x) = 0

⇓

u(x)
.

=
u(x − h) + u(x + h)

2
pro

”
malá“ h

⇓

Xk =
Xk−1 + Xk+1

2
... dostáváme soustavu n lineárńıch rovnic

( pro neznámé X1, X2, ... , Xn)
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u(x)
.

=



A, x ∈ (a, t1),

X1, x ∈ (t1, t2),

X2, x ∈ (t2, t)),

X3, x ∈ (t3, t4),

...

Xn, x ∈ (tn, tn+1),

B, x ∈ (tn+1, b).

u′′(x) = 0

⇓

u(x)
.

=
u(x − h) + u(x + h)

2
pro

”
malá“ h
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u(x)
.

=



A, x ∈ (a, t1),

X1, x ∈ (t1, t2),

X2, x ∈ (t2, t)),

X3, x ∈ (t3, t4),

...

Xn, x ∈ (tn, tn+1),

B, x ∈ (tn+1, b).

u′′(x) = 0

⇓

u(x)
.

=
u(x − h) + u(x + h)

2
pro

”
malá“ h
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... dostáváme soustavu n lineárńıch rovnic
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Laplaceova bota

Rovnice vedeńı tepla v 1D

p̌ŕıklad v 1D


u′′(x) = 0 v (0, 1),

u(0) = 0,

u(1) = 10.

- I - 2 

o 
1 
~ 

~ 

X1 =
0 + X2

2

X2 =
X1 + X3

2

X3 =
X2 + 10

2


⇒

2X1 − X2 = 0

X1 − 2X2 + X3 = 0

X2 − 2X3 = −10

 ⇒

X1 =
5

2

X2 = 5

X3 =
15

2
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0, x ∈ (0,
1

5
),

5

2
, x ∈ (

1

5
,

2

5
),

5, x ∈ (
2

5
,

3

5
),

15

2
, x ∈ (

3

5
,

4

5
),

10, x ∈ (
4

5
, 1).

10 -

-- -- -- -- -- " 
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., ' 

\ 6 1- - - - - - ~ ... ,_~ - , ~ 

l • v.10<_'9~ -c:,: l 
i j)iP 

-- ."!-.A!" - f 
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' \ • ~ 
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Laplaceova bota

Rovnice vedeńı tepla ve 2D

{
∆u(x , y) = 0 v Ω,

u(x , y) = g(x , y) na ∂Ω.

∆u(x , y) =
∂2u(x , y)

∂x2
+
∂2u(x , y)

∂y 2
= 0 (u ... harmonická funkce na Ω)

⇓

u(x , y)
.

=
u(x − h, y) + u(x + h, y) + u(x , y − h) + u(x , y + h)

4
pro

”
malá“ h
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diskretizace ve 2D

u(x , y)
.

=



X , (x , y) ∈ Ωi ,j ,

A, (x , y) ∈ Ωi−1,j ,

B, (x , y) ∈ Ωi+1,j ,

C , (x , y) ∈ Ωi ,j−1,

D, (x , y) ∈ Ωi ,j+1.

X =
A + B + C + D

4
... vlastnost pr̊uměru
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diskretizace ve 2D

Po částech konstantńı funkci na Ω := Ω ∪ ∂Ω splňuj́ıćı všude v Ω vlastnost
pr̊uměru nazýváme diskrétńı harmonickou funkćı (na Ω).
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p̌ŕıklad ve 2D

o 
-

X1, X2, X3, X4 = ?

X1 =
0 + X3 + X4 + 0

4

X2 =
X4 + 3 + 3 + X3

4

X3 =
X1 + 3 + X2 + 3

4

X4 =
0 + X2 + 3 + X1

4


⇒

4X1 − X3 − X4 = 0

4X2 − X3 − X4 = 6

−X1 − X2 + 4X3 = 6

−X1 − X2 + 4X4 = 3


⇒

X1 = 1

X2 =
5

2

X3 =
19

8

X4 =
13

8
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Rovnice vedeńı tepla ve 2D
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princip maxima

Věta (princip maxima).

Nabývá-li diskrétńı harmonická funkce na Ω = Ω ∪ ∂Ω svého maxima (tj. nejvěťśı
hodnoty) nebo minima (tj. nejmenš́ı hodnoty) v Ω (tzn.

”
uvniťr“), je na Ω

konstantńı.

Důsledek.

Diskrétńı harmonická funkce nabývá svého maxima i minima na hranici, tj. na ∂Ω.
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princip maxima

Důkaz.

X = max
Ω

u

⇓

A, B, C , D ≤ X =
A + B + C + D

4
⇓

A = B = C = D = X

⇒ ⇒ . . . ⇒

2
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věta o jednoznačnosti řešeńı diskrétńı úlohy

Věta (o jednoznačnosti řešeńı diskrétńı úlohy).

Necht’ u1 a u2 jsou dvě diskrétńı harmonická řešeńı úlohy{
∆u(x , y) = 0 v Ω,

u(x , y) = g(x , y) na ∂Ω.

Pak
u1 = u2.

Důkaz.
Stač́ı si uvědomit, že funkce

u := u1 − u2

je diskrétńım harmonickým řešeńım úlohy{
∆u(x , y) = 0 v Ω,

u(x , y) = 0 na ∂Ω

a použ́ıt princip maxima.
2
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∆u(x , y) = 0 v Ω,

u(x , y) = g(x , y) na ∂Ω.

Pak
u1 = u2.
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∆u(x , y) = 0 v Ω,

u(x , y) = 0 na ∂Ω
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Rovnice vedeńı tepla ve 2D
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∆u(x , y) = 0 v Ω,

u(x , y) = g(x , y) na ∂Ω.

Pak
u1 = u2.
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věta o řešitelnosti soustavy lineárńıch rovnic

Věta (o řešitelnosti soustavy lineárńıch rovnic).

Soustava lineárńıch rovnic

a11X1 + a12X2 + a13X3 + · · ·+ a1nXn = b1

a21X1 + a22X2 + a23X3 + · · ·+ a2nXn = b2

a31X1 + a32X2 + a33X3 + · · ·+ a3nXn = b3

...

an1X1 + an2X2 + an3X3 + · · ·+ annXn = bn

má pro každou
”
pravou stranu“

b = (b1, b2, b3, ... , bn) ∈ Rn

právě jedno řešeńı
X = (X1, X2, X3, ... , Xn) ∈ Rn

právě tehdy, má-li tato soustava pro nulovou pravou stranu, tzn. je-li
b = (0, 0, 0, ... , 0), pouze

”
triviálńı řešeńı“ X = (0, 0, ... , 0).
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věta o řešitelnosti soustavy lineárńıch rovnic
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věta o řešitelnosti soustavy lineárńıch rovnic

Důkaz pro n = 2.

Soustava
ax + by = α

cx + dy = β
má právě jedno řešeńı

m

p̌ŕımky
p : ax + by = α

q : cx + dy = β
jsou r̊uznoběžné

m

p̌ŕımky
p∗ : ax + by = 0

q∗ : cx + dy = 0
jsou r̊uznoběžné

m

soustava
ax + by = 0

cx + dy = 0
má právě jedno řešeńı.

2
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m
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Důkaz pro n = 2.

Soustava
ax + by = α

cx + dy = β
má právě jedno řešeńı
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věta o existenci a jednoznačnosti řešeńı diskrétńı úlohy

Věta (o existenci a jednoznačnosti řešeńı diskrétńı úlohy).

Existuje právě jedno diskrétńı harmonické řešeńı úlohy{
∆u(x , y) = 0 v Ω,

u(x , y) = g(x , y) na ∂Ω.
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věta o existenci a jednoznačnosti řešeńı diskrétńı úlohy

Důkaz.

Stač́ı si uvědomit, že pro diskretizaćı źıskanou soustavu lineárńıch rovnic

a11X1 + a12X2 + a13X3 + · · ·+ a1nXn = b1

a21X1 + a22X2 + a23X3 + · · ·+ a2nXn = b2

a31X1 + a32X2 + a33X3 + · · ·+ a3nXn = b3

...

an1X1 + an2X2 + an3X3 + · · ·+ annXn = bn

plat́ı:

koeficienty aij nezáviśı na funkci g ,

pravá strana b = (b1, b2, b3, ... , bn) ∈ Rn je určena okrajovou podḿınkou g ;

g(x , y) ≡ 0 ⇔ b = (0, 0, 0, ... , 0),

a proto (viz větu o jednoznačnosti) źıskaná soustava má pro b = (0, 0, 0, ... , 0)
jenom triviálńı řešeńı.Odtud již (viz větu o řešitelnosti soustavy lineárńıch rovnic)
p̌ŕımo plyne dokazované tvrzeńı.

2
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Rovnice vedeńı tepla ve 2D
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p̌ŕımo plyne dokazované tvrzeńı.
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X
1→ G8 =: V1

X
2→ G14 =: V2

X
3→ G8 =: V3

...

Dá se ukázat, že pro
”
velká“ n ∈ N je

X
.

=
V1 + V2 + · · ·+ Vn

n
.
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